Vectors

Norm and Angle

e Norm of a vector with 2 components: |[[U1  Uz]|| = u 2 + uy?

e Norm of a vector with 3 components: [[[Uu1 Uz Us]|| = \Ju 2 + up? + us?

e Angle 6 of the vector u = [U1  Uz]: |lul|cosO = uy, ||u|lsind = u,

Example Evaluate |[[[116 —89]|| and the angle of [116 —89].

Solution:

II[116 —89]|| = \/1162 + (—89)2 = /13456 + 7921 = V21377
(First we find the reference angle ¢)
—tan~ (128 = tan—1 (22
¢ = tan ( 116 ) = tan (116)
(Since 116>0 and —89<0, the angle of the vector, 0, is in the second quadrant and hence

is given by 8 = m — ¢[remember to set your calculator in radian mode]):

0=m—¢=m—tan"! (18—11) ~ 2.4871rad

Exercise Evaluate
e [[[=5 10]|l [Answer: 5V5]
e |I[1 =2 3]l [Answer: V14]

Scalar multiplication

klur  uz] =T[kuy kuy];  k[ur Uz Uz] =[kuy ku, kus]

Property of Norm

lkull = [k| [Jull

Example For a vector v with norm 2, evaluate ||3v|| + |[—2v||.
Solution:
(Use the following property of norm: ||kv|| = |k| - ||v|])
I3vll + [[=2v|| = 3] - [[v]l + |-2] - [[v]] = 3llv]l + 2[lv]| = 5]lvll = 5 x 2 = 10

pg. 1



Vectors

Addition of two-dimensional vectors

(Step 1) Break original vectors into x and y components: A= Ad+ A, ]
(Step 2) Add x pieces to x pieces to get Ry, add y pieces to y pieces to get R,,.

(Step 3) Apply Pythagorean formula to get the magnitude resultant R.

(Step4) Usetanf = 2—1 together with the signs of R, and R,, to get the angle 6.

Example Foru = [7 2]and v = [-3 5], evaluate3u + 4v and ||5v — 2ul|.
Solution:
3u+4v=3[7 2]+4[-3 5]=[3x7 3x2]+[4x(-3) 4x5]
=[21 6]+[-12 20]=[21+(-12) 6+20]=[9 26]
Sv—2u=5[-3 5]—2[7 2]=[5%(=3) 5x5]—[2x7 2x2]
=[-15 25]—[14 4]=[(—-15)—-14 25-4]=[-29 21]

I5v — 2ul| = \/(=29)? + 212 = V841 + 441 = V1282 (~ 35.8)

Exercise Evaluate the following
e [13 —12 —13]+14[-1 1 1] [Answer:[-1 2 1]]
e 3[5 —2]—[-1 8] [Answer:[16 —14]]

Dot Product and Cross product

e Dot Product:

Vectors with 2 Components

Vectors with 3 Components

U1 U]-[v1 V2]

=uv + U v,

[y u; ug]-[vi vy V3]

=uv + U, v, + U3V3

u-v=|ulllvl| cos@ (0<6<mn)

i ] k
e Cross Product: [U1 Uz U] x [Vi V2 Vs]=|u, wu, us

Uy VU V3
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Vectors

Example For the points A = (1,0,1), B = (0,2,2), and C = (3,0,0), evaluate and simplify
AB x AC.
Solution:
AB=[0-1 2-0 2-1]=[-1 2 1];
AC=[3-1 0-0 0-1]=[2 0 -1];

|t g ok
ABXAC=|—1 2 1
2 0 -1

= @EDO + WG + (D) (k) — (@) (k) — (DO@ - (—D(DE)
= —21+2]—-0k—4k—0i—1]=—-2i+]—4k=[-2 1 -4]
Example Foru=[-2 -3 0],v=[4 4 -3landw=[-3 -3 -1], evaluate |[ul|,
u-v,vXxuandw- (v Xu).
Solution:
lull = I[-2 -3 o0lll=y(-2)2+(-3)2+(0)2=v4+9+0=V13
u-v=_-2)4+(-3)4) +0)(-3)=-8-12—-0=-20

i Kk
vXu=|4 4 -3
-2 -3 0

= @O)D + (=3)(-2)P) + D (=3)(k) — (1) (-2)(k) = (=3)(=3)D —= DO}
=0i+6]—12k+8k—91—0j=—-9T+6]—4k=[-9 6 —4]

w-wxuw) =[-3 -3 -1]-[-9 6 —4]=(-3)(-9) +(-3)(6) + (-1)(-4)
=27—-18+4=13

Exercise

e Evaluate
o [-5 —10]-[3 —=2] [Answer: 5]
[3 1 0]-[-2 1 —4] [Answer: —5]
[2 2 0lx[1 0 1] [Answer:[2 -2 =2]]
o [2 —4 6]x[4 —2 —1] [Answer:[16 26 12]]
[1 2 1]x[-1 1 1] [Answer:[1 -2 3]]
[12 -8 —=2]x[8 —1 10] [Answer:[-82 —136 52]]
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Vectors

o0 1 2]x[-64 6 4] [Answer:[-8 —128 64]]

Forv=[3 1 Olandw=[2 -1 0], evaluate||v|,|lv+ w|,w: v, and |lvxw]|.
[Answer: ||v]| = V10, |[v+w| =5 w-v=S5, |[vxw| =5]

Evaluate [1 1 1]-(f[1 1 2]x[0 0 3]). [Answer: 0]

Foru=[1 -5 3]Jandv=[-10 —6 2], evaluate ||uv.|1|]2' [Answer: ;—(3)]
wv 4 8 12
Foru=[1 -6 1landv=[1 2 3], evaluate B v. [Answer: [—; - —7]]

ua

llall?

Foru=[8 3 —-2]landa=[-1 -2 2], evaluate

a. [Answer: [2 4 —4]]

uv

Foru=[1 12 7]andv=[3 0 —4], evaluate u—

v. [Answer: [4 12 3]]

vl ="

uv an uv v
lulllivl’ vz =

Foru=[1 -1 1landv=[-1 -2 2], evaluate |lu+v||,

[Answer: ||[u + v|| = 3V2, —— V3 oww [_ 1 2 2]]

lulliwll ~ 37 il 3 3 3
Evaluate and simplify [2 2 O0]-[x—1 y—-1 z-3]=0.
[Answer: x +y — 2 = 0]

Evaluate and simplify [x +2 y—1 z—-7]-[2 3 —1]=0.
[Answer: 2x + 3y —z + 8 = 0]

Evaluate and simplify [-2 3 5]-[x—7 y—6 z+2]=0.
[Answer: 2x — 3y — 5z — 6 = 0]

Evaluate and simplify [12 -8 —-2]:[x—2 y+2 z-5]=0.
[Answer: 6x — 4y —z — 15 = 0]
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