Trigonometric Functions and their Inverses

¢ All angles measured counter-clockwise from the positive x-axis are positive and the ones
measured clockwise are negative.

e The CAST diagram reminds us which of the three basic trigonometric functions (sine, cosine,
and tangent) are positive for standard position angle with terminal side in each of the four

quadrants:

All

K
Q Cos

Trigonometric functions of an arbitrary angle:

For any trigonometric function f and any angle 6, f(0) = *f(¢), where ¢ is the reference angle
defined by the acute angle between the terminal side of the standard position angle 8 and

the horizontal axis, and the sign matches the one in the CAST diagram.

Domain Range
sin R [—1,1]
cos R [—1,1]
3 T 1T 3T
tan R\{"',—j,—;,;,7,'“} (—00, )
csc R\{::-,—2m, —m, 0,7, 2m, - } (=00, —1]U [1, )
3 3
sec R\{-..l_fl_glglgl-..} (—OO'—l]U [1’00)
cot R\{::-,—2m, —m,0,m, 2m, - } (=00, 00)
sin, tan, csc, and cot are odd functions; cos and sec are even functions:
sin(—x) = —sinx cos(—x) = cosx tan(—x) = —tanx
csc(—x) = —cscx sec(—x) = secx cot(—x) = —cotx

Slope:m =222 = tang (0° < 6 < 180°)

X2—X1
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Trigonometric Functions and their Inverses

Example Evaluate and simplify tan (— g) [Answer: —1]

Solution:

(The standard position angle of — % has terminal side in the fourth quadrant, in which

. . . . . /s
the tangent function is negative; moreover, its reference angle is ¢p = Z)

Exercise

tan (=) = — tan (%

4

4

)

:——:—1

243

e Evaluate and simplify csc(780°). [Answer: —

¢ Given that tanf = 3 and @ is in the third quadrant, find the other trigonometric function

values.

2v13

[Answer: sin 8 = ——5 »cos

3v13

0 = ———,csc
13

V13

0 =——,secf =——,co
2 3

V13

3
to _E]

Graphs of the 6 trigononmetric functions (they are all periodic with period 27 ~ 6.283)

y =sinf

y =cscf

[
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Trigonometric Functions and their Inverses

y =cosf y =secl
7 I I
| |
‘1 | |
| |
| |
: |
1

1 |
¥ | |
0 : f . 0 ‘ ] : |

1.57 3142 712 6283 1.5 3.]—1—2 4712 6.}'93
a -1 |
! | |
-2 | |
) | |
7 | |
| | |
- [ [
5 | |
y =tan#f
7 I I 7 I
| | |
‘1 | | ‘1 |
| | |
) | | |
- | | . |
| | |
1 | | 1 |
| | |
0 : | 0 |
1.371 J.]—l—! 712 .;ISS 4M 6.}'93

-1 1 | -1 |
| | |
-2 | | -2 |
X | | X |
-3 I I -3+ I
| | | | |
- [ [ - [
] | | ] |

Graph of y = a sin(bx + ¢) and y = a cos(bx + ¢):

e Amplitude = |a|
e Period = 2=
b

¢ Displacement = —%
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Trigonometric Functions and their Inverses

Example Sketch f(8) = sin(36).
Solution:
(Starting with the standard graph of sin(@), we get the graph of sin(36) by horizontal

compression with a factor of three; in other words, the period for sin(30) is that of

sin(@) divided by three, that is, 27 /3; the transformed graph has #-intercept at 0, g, 2?71,

41 51
S 21, etc.)

1 T
¥ 030 - ‘n\\
D T T T T T T T T T T T
05 1415 25 3035 4/ 45 5 %5 &
-0.50 g\ ™ ~
1 —

— —y=sin(6) —— y=sin(38)]

Exercise

e Simplify %:Z;. [Answer: sec 8]

e Sketch f(6) = cos(36).

Answer:
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Trigonometric Functions and their Inverses

e Sketch y = 2 cos(3x — m) + 1 by finding the amplitude, the period, and the phase shift.

[Answer: Amplitude = 2, period = z?n, phase shift = g]

y=2cos(3x—x) +1

0 T T T T T T T T T T T 1
/0.524 1.047 1.571W2.515 3.142 3663 4.139 f4712 3236 376 6283
X
1

Inverse Trigonometric Functions

Domain Range
sin™! [-1, 1] [-n/2, /2]
cos™ [-1, 1] [0, 7]
tan™ (-o0,00) (-/2, /2)
csct (-o0, 1] U [1, ) [-7/2, 0) U (0, /2]
sec’ (-0, 1] U [1, oo) [0, n/2) U (1/2, m]
cot™ (-00,00) (0, m)

Example Find the smallest positive integer N that solves the inequality g —tan"1 N < 0.05.
Solution:
~—tan"'N < 0.05= >~ 0.05 < tan"* N
(Apply the tangent function to both sides of the inequality; by definition of the inverse

tangent function, tan"1 N < g; since the tangent function is continuous and increasing
on the interval (0, g), the direction of the inequality is preserved; remember to set

calculator in radian mode when computing tan (g - 0.05))

T T
tan (E — 0.05) < tan(tan"!N) = tan (E — 0.05) <N=>N2>19983=N > 20
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